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Pearson Global Indicator and the Quantum
Mechanics of p-Dimensional Systems
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We extend the results of Guiasu (1992a) to p-dimensional systems. We use
quantum mechanics in order to extend the basic mathematical model from Guiasu
(1992a) to systems with more dimensions. Two multidimensional quantum
systems are presented as applications of the mathematical results (the
p-dimensional isotropic harmonic oscillator and the free particle in a
p-dimensional box).

INTRODUCTION

Guiasu (1992a) derives Schrodinger’s equation considering the optimum
Pearson function to be the wave function of the system. The optimum Pearson
function ¥* minimizes the Pearson global indicator subject to the constraints
represented by some given mean fluctuations.

The steady-state condition of a quantum system is characterized by the
probability distribution u that maximizes Shannon’s entropy and complies
with the restrictions represented by some mean values known from macro-
scopic measurements. If random fluctuations alter the steady-state condition,
then the most unbiased probability distribution u no longer correctly describes
the quantum system. Such a change can be detected by assigning a sequence
of orthonormal functions with the weight u. As long as the system is in the
steady-state condition, the mean value of each orthonormal function is equal
to zero. If at least one of these mean values is not zero, then the steady state
of the system has been altered.
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Further we estimate the probability distribution of the fluctuations subject
to the mean values detected and which minimizes Pearson global indicator ()
(Pearson mean deviation). We estimate therefore the probability distribution of
the fluctuations which is the closest to the steady-state probability distribution
and subject to some given mean values of the fluctuations which are obtained
by calculating the mean values of the orthonormal functions with the weight
u assigned to the quantum system.

The optimum Pearson function y* that minimizes the Pearson indicator
(% satisfies Schrodinger’s equation if we consider classical quantization
rules.

This probabilistic model presented in Guiasu (1992a) is applied to the
one-dimensional harmonic oscillator, the free particle in the box [0, «], and
the hydrogen atom. The extension of the results from Guiasu (1992a) to
p-dimensional systems is based on some important results of quantum
mechanics.

1. OPTIMUM PEARSON FUNCTION X*

If fand g are two square-integrable functions on D C R[f, g € LX(D)],
we define the scalar product between the two functions with the weight u
as follows:

flgh = J A)gx)u(x) dx
D

In the above equality, the integral is considered with respect to the Lebesgue
measure on the real axis. If u(x) = 1, V x € D, then we write (ﬂg}l =<ﬁg>.

We consider a p-dimensional quantum system and let Xi, Xo, ..., X,
be the random variables describing the p characteristics of the quantum
system, D1, Da, ..., D, be the ranges of the above-mentioned random vari-
ables, and u, uy, ..., u, be the probability distributions that describe the
random variables in the steady—state.

We emphasize that Xj, X5, ..., X, are independent random variables
and the probability distribution ¥ = wujus . . . u, describes the p-dimensional
system in the steady—state.

Let us also consider the following p sequences of orthonormal functions:

QY = (UM n =0,1,2,...) is a sequence of orthonormal functions
in L*(D,) with the weight u; and U = 1.
QP = (U@ n,=0,1,2, ...} is a sequence of orthonormal functions

in L*(D,) with the weight u; and U = 1.
g 0
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QP =1y (1’) ,n, =0,1,2, ...} is a sequence of orthonormal functions
in L*(D,) with the weight u, and U<1’> = 1.

We have

: . 1 for n; = nj
Uy ‘ UD =80 j=1p  where &)= { =

0 forn; # nf
We also consider the system of functions
Q=wWwHud. ... v m=012..,nmn=012...,
n=20,1,2,...}

This system of functions is orthonormal in L*(D; X Dy X ... X D,) with
the weight ¥ = wus . .. u,. Indeed

<U(1)U(2) ) Ug/;) Uz(ql'l)Uz%) o (17)>Mlu2 "

Uy .. (UDIUDY, =182 ... 8 (1)
The above relation is a consequence of Fubini’s theorem in the case of the
integrate equal to a product of functions depending each on only one variable.

If random fluctuations alter the steady-state condition of the system, then
the random variables X, X, ..., X, become dependent and the probability
distribution u# = wuius ... u, no longer accurately describes the behavior of
the quantum system. Let f be the new common probability distribution that
describes the quantum system. Let us consider fluctuations of type
U;ﬂ)gﬁ. .. U,?;) with ny = 1, Ni, i = 1, Mo, ..., n, = 1, N,, where N,
j =1, p, are fixed natural numbers.

Further let us assume that the induced mean fluctuations are given, i.c.,

URUR . UDIfY = Cunyny,  Wwith =1, N, j=1,p (2

At this point we determine the probability distribution f* which is the closest

to u = wius . . . up subject to the restrictions from (2). According to Guiasu
(1992a), the closeness is measured by Pearson’s global indicator:

, 2
1>:<1—1 > 3)
u

Therefore f* is the solution of the variational problem

2
ey = (el = <L%L
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min¢x*(f:u))
/ 4

f> = Cnlnz . lp> nj = 17 ]vja] = 1,17

oWy ..oy

Extending the results from Guiasu (1992b), Guiasu et al., (1982), and Kull-
bach and Leibler (1951) to the p-dimensional case, we have

N M Np
f* =ul 1+ Zl Zl Zl CnmmnpUgll)U%) U%Ip’):| (5)
n1=1 n= np=

Since 1 € QY j = 1, p, it can be easily deduced that f* is a probability
distribution.
From (3) and (5) we get the optimum Pearson function *:

1= n( )
sk
= (L _ 1). \Z
u
NM Np
B \[l Zl Zl Zl Coumy.n, Ul U -+ UL (6)
np=lnp= ny=

We shall prove further that the probability distribution f* from (5) minimizes
the Pearson global indicator from (3). Indeed, if the orthonormal sequence
Q is complete in Lz(Dl X Dy X ... X D,), we can write the following
Fourier series (Precupanu, 1976):
-t. _ o0 o0 o0 -t.
Loy sy

ni =1 ny=1 np=1

UhuR .. ng;>>u-uglgug) LU

f=u- Y3 ey HoWu@ - vy vuR - U
np=1

ni =1 ny=1
N N Np

— - 1 2 1 2

=y - Z Z (f‘U%l)USQ) U%?)'U,(“)U%z) U%Ip’) + uw
n| =1 ny—1 np=1
N N Np

=y - C UDyD oy + yew

u Z Z Z niny...np ny Yy np u

ni =1 ny—1 np=1

S w1
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where W is a finite sum of p-uple series in which at least one summation
index n; is greater than N;.
We have

(o —uwy =0 (7)

because at least one orthonormal function U %) from the expression of f* — u
(n; = N)) is different from any orthonormal function U %) from the expression
of W (n; > N;). We shall calculate the Pearson global indicator taking into
consideration (7) and the relation(/* — ully = (/*[1) — (u|ly =1 — 1 =0,
which is true since f* and u are two probability distributions:

)

. 2 . B ;
OC(fu)) = <(-£ _ 1) u> — <(MMW_11 _ 1)
2
“ u

)
= (/) QED

Considering (6) and (1), the normed optimum Pearson function y*
becomes

N N Ny —1/2
lP* :(Z Z e Zlcglnz,ul’lp) 1”2.._1,{17

ni=1ny=1 np=
N M Np
1 2
Z te Z Cl’lll’lzml’lpUg’ll)Ug’lz) te US’II;) (8)
ni—1ny=1 np=1

Thus (W*)? is a probability distribution induced by the minimization of the
Pearson global indicator and which expresses the deviation of the quantum
system from the steady—state due to the fluctuations US)US) «-- U ff;) having
the mean values Cy,n,._n, Since V* is a normed square-integrable function,
it satisfies the necessary conditions to be a wave function (Messiah, 1973).

2. HEISENBERG’S UNCERTAINTY RELATIONS

For the function W* determined in (8) we shall prove Heisenberg’s
uncertainty relations in the manner done in Messiah (1973). In order to do
that we will introduce the momentum operator.

In quantum mechanics to any dynamic variable a (position coordinate,
momentum, energy, etc.) there is assigned a linear operator 4, and the mean
value taken by the dynamic variable a in the state defined by the function
W* is given by the relation
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a = (P*[a¥=) )
So, according to the principle of correspondence (Messiah, 1973), to the
momentum p; there is assigned the linear operator P; = —ih 0/Ox; (the
momentum operator), where x; is a position_coordinate, # = —1, and

# = h/2m with i Planck’s constant, and j = 1, p. We have the following
two formulas:

Xj

B = (PHpe = <‘P —ih L ‘P> j=Lp 0

J

_ 2 N
A=l = (P, =Ty a

We build the operator
Fj = AXj + Ai Apj (12)

where Ax; = x; — x5, Ap; = p; — p; = —ih 0lox; — p;, L € R.
We use the following notations for the variances of the distributions of
the coordinate x; and momentum p;:

ov= Ay’ = K -%.  on=\Ap)= -t =Ly

In order to deduce Heisenberg’s uncertainty relations for the function P'*,
we will start from the following positively defined expression:

IJ()L)ZJ J J ‘Fjl}j*‘zdxld)Q...dpoO V)LER, j:l’p
Dy ) Dy Dp

(13)

Integrating by parts in the relation (13) and taking into account (10), (11),
and the fact that the function ¥* is square-integrable, we obtain

L) = (ox)® = M+ Wop),  j=1Lp (14)
Therefore
(ox)* — A + A (op)> =0 VALER j=1,
o h? — 4(ox)(op)* <0, j=1,

J=Lp (15)

il

= Ox; - Op; = 5

Therefore, Heisenberg’s uncertainty relations, ©x; - op; = h/2,
j =1, p, are a consequence of the properties of the function W* (square-
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integrable) and the manner in which the momentum operator is defined. We
underline the fact that up to this moment no reference has been made to
Schrodinger’s equation; thus Heisenberg’s relations are valid for the function
W* found in Section 1 and for which we have not shown yet that it is a
wave function: P* does satisfy the Schrodinger equation only if the classical
quantization rules hold. This fact will be emphasized in Sections 3 and 4.

3. SCHRODINGER’S EQUATION

In this section we will show that the function W* from (8) behaves like
a wave function, i.e., it satisfies Schrodinger’s equation, if we use classical
quantization rules. This result is demonstrated in Guiasu (1992a) for the one-
dimensional case and we will extend it to the p-dimensional case in this paper.
The Schrodinger equation for a p-dimensional system is

AY =S k¥ =0 (16)

3“‘ |>—A

where WV is the wave function that describes the behavior of the quantum
system [any macroscopic measure can be calculated as a mean value according
to (9)], A = &%/oxt + %103 + ... + &%0x}, and k = 2m(V — E) with m
the mass of the quantum system, V the potential energy, and E the total energy.
By placing P* from (8) into the Schrodinger equation (16), we get

Ny N
SIS E 3 ottt - v
ni=1ny=1 np=
ol U (U
hf 2w o UY) Uy
M A
k\l Zl S S Com UWUR - U =0 (1)
n| ny np=

In what follows we shall assume that the parameter k& complies with
the condition

k=§& (18)

where k; depends only on the variable x;, i.e., the constant k can be written
as a sum of components each of which depends on only one variable.
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According to Messiah (1973), condition (18) is equivalent to
b
V= Z Vi where  V; = V;(x)) (19)
=

[This condition is taken from quantum mechanics and it allows us to develop
further the mathematical calculations. It applies to a rather limited number
of quantum systems. However, these quantum systems are of essential impor-
tance from a theoretical point of view because condition (18) is necessary
for finding exact solutions for Schrodinger’s equation. Despite the restricted
applicability, the mathematical model presented in this paper yields great
relevance as will be seen from the examples presented in Section 4.]
Assuming that condition (18) is satisfied, relation (17) becomes

Ny Ny Np
S S S Con UNUR - U
ni=1 ny=1 np=1
O O SRR G A ') (R T B
j; 4 2w w U Uy 22 N (20)
Hence
201700y - L ,_L1L - 1, - ) —
up (Us)" + ujuj (Us)" + 5 W 4(Mj) 22 kui |- Uil =0,
J=Lp (21)

For any orthonormal set Q" of polynomials with the weight u; the following
second-order differential equation is satisfied (Guiasu, 1992a):

g/ IUR " + U] + g (U () = 0

m=1LN, j=1Lp (22)
Thus W* satisfies the Schrodinger equation if
y_L ., 1 1 T
g = upf =7 W)’ —skui,  j=1Lp (23)
2 4 h

In Section 4 we shall see that, in the particular cases of two p-dimensional
quantum systems, the relations (23) are satisfied if we take into account the
classical quantization rules.

We point out that the results obtained above are analogous to those for
the one-dimensional case presented in Guiasu (1992a).
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4. EXAMPLES OF p-DIMENSIONAL QUANTUM SYSTEMS

We shall discuss two examples of p-dimensional quantum systems and
we will estimate the wave function W* from (8). We will also show that P'*
satisfies Schrodinger’s equation if we consider the classical quantization
rules. For the two quantum systems presented we will check that the condition
(18) is satisfied. _

Let us consider X;, j = 1,_p, the position coordinates of a quantum
particle of mass m, and D;, j = 1, p, the ranges of the random variables Xj.

4.1. The p-Dimensional Isotropic Harmonic Oscillator

For the p-dimensional isotropic harmonic oscillator the elongation X;
ranges over D; = (—, +). Let p; be the mean value of X; and let 67 be
the variance of X). The steady-state condition that maximizes the entropy
subject to the mean values i, and &7 is described by the normal distribution
(Guiasu, 1977)

1 (=
W) = e W o<y <08
Oj \=T

The corresponding orthonormal set of polynomials with the weight u; is
(Guiasu, 1992a)

X — W

; 1
D) = L=
UP(x) o Hnj( o & ) n=0,1,... (25)

where H,(x) is the Hermite polynomial of degree n (Teodorescu and
Olariu, 1978).

If random fluctuations alter the steady-—state, then the induced mean
fluctuations are not equal to zero. Let us assume that only Cnins ... ny, #
0, the rest of the induced mean fluctuations being equal to zero. Then the
normed optimum Pearson function from (8) becomes

lIj;lklnzmnp(-xl, X2y o i vy .Xp)

= 4 ; —(x;—pj)%/4c? 1 X — W
i[em o del )] @

Considering p;, = 0, 67 = 6% j = 1, p, the function derived in (26)
satisfies the partial differential equation (Guiasu, 1992a)
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2

L
AlPlTlnzmnp + 62 n + np + ...+ np + 3

x%+x%+...+x,2,
4c°

Tﬁlnz,“np =0 (27)

For the p-dimensional isotropic harmonic oscillator (Messiah, 1973) the
potential energy is given by

P )
V== mor*= m(02(x% + 34 -+ x2,) = m(02x2 = V;
7 J; 3 7 Z J

N =

1
2

V, = mw’ x,

1
2

where ® is the pulsation of the classical oscillator (constant). Therefore the
condition (18) is satisfied. The Schrodinger equation (16) becomes

2m
AY + 52 ( sz(ox,) =0 (28)

Equation (27) becomes Schrodinger’s equation (28) if we assume the
quantization rules from quantum mechanics (Messiah, 1973):

2 — h — 1 y2A
o’ = ., E=holm +m+ 4+ 29
2me " ("1 2 & 2) (29)
In this p-dimensional case, the wave function W(xi, x2, ..., x,) =
\P;"lnzmnp(xl, X2, ..., Xp) from (26) depends on p quantum numbers ni, no,

, 1p that can take any integer value between 0 and +0, but the correspond-
ing value of the energy £ = h®(n1 + n2 + --- + n, + p/2) depends only

on the sum n = n; + n2 + -+ + n,. For a given value of the sum » there
exist Ch3p—1 = (n + p — DY[n! (p — 1)!] different possible values for the
sequence of integer numbers ny, ny, . . . , 1. Therefore the value of the energy

E, = ho(n + p/2) has an order of degeneracy equal to CI,;I},_L

4.2. The Free Particle in the p-Dimensional Box

In this case the random variable X; ranges over D; = [0, a;]. Because
the particle is supposed to be free, there are no other constraints imposed on
the random variable X;. The maximization of the entropy is satisfied by the
uniform distribution (Guiasu, 1977)
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1
Mj(Xj) =, 0= Xj = a; (30)
aj
The corresponding orthonormal set of functions with the weight u; is
(Guiasu, 1992a)
‘ ‘ RTTX;
U =1, U0 = \Rsin T, m=1L2... (D)
aj
The steady—state described by u = [1/=; u;is changed by random fluctua-
tions. Assuming further that only Coiny..ny #+ 0, all the rest of the induced
fluctuations being equal to zero, the normed optimum Pearson function from
(8) becomes

4 170X
WI — ool
;lkll’lz...np(-xla X2y ooy xp) | | S (32)
j= j a;

The function from the previous relation satisfies the partial differential equa-
tion (Guiasu, 1992a)

2 2 2
ni ns ny

AV, + (a_% ot ;é)nzllf;ﬁmmnp =0 (33)
92

For the free particle in the p-dimensional box (Messiah, 1973) the
potential energy is given by

V=0, 0=x<a;, j=1,p

or
17
V=SV, V=0, 0<x,<a
j; J J J ]

Thus the condition (18) is satisfied. The Schrodinger equation (16) becomes

2m .
2 EY=0, 0=<x=<aq, j=1p (34)

AY +

Equation (33) becomes Schrodinger’s equation (34) if we assume the
quantization rules from quantum mechanics (Messiah, 1973):

122 2 2 2
o1 n np

E= - +t5+ ..+ 35
2m (a% a3 alz,) (35)

The value of the energy E is not degenerate in general. If a; = a,
j =1, p, i.e., the particle is in a p-dimensional cube, then the value of the
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energy E = (h’m*/2ma*)(ni + n3 + ... + n}) has an order of degeneracy
equal to p!.

5. CONCLUSIONS

In this paper, the wave function that describes a p-dimensional quantum
system is deduced from a variational problem implying the minimization of
the Pearson global indicator. The Schrodinger equation is obtained as a
consequence. In this way, interpreting the square of the absolute value of the
wave function as the probability distribution of the position coordinates
of a quantum system yields a much larger significance in the context of
information theory.

Heisenberg’s uncertainty relations are satisfied by the optimum Person
function before it satisfies Schrodinger’s equation.

The normed optimum Pearson function behaves like a wave function,
i.e., it satisfies the Schrodinger equation if we assume the quantization rules
from quantum mechanics. As significantly expressed in Guiasu (1992a), the
classical quantization rules seem to be “the bridge between the unbiased
probabilistic model built up and some physical characteristics of the quantum
system involved.”

The applicability of the theory is restricted to those quantum systems
satisfying condition (18). The extension to quantum systems with no exact
solution of the Schrodinger equation remains an open problem.

In the present paper, the applicability of the mathematical model is
proven for two p-dimensional quantum systems of great interest: the p-
dimensional isotropic harmonic oscillator and the free particle in a p-dimen-
sional box.
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